Fracture Mechanics (FFM) criterion is formalized to predict the critical failure loads of brittle U-notched specimens, subjected to mode I loading. The criterion, recently applied to V-notched structures, requires the contemporaneous fulfilment of stress requirements and energy conditions for fracture to propagate: the stress field ahead of the notch tip and the stress intensity factor related to a crack stemming from the root are involved. Both the apparent fracture toughness and the critical crack advancement result to be structural parameters. For sufficiently slender notches, the root radius becomes the only relevant geometric dimension. The consistency of the approach is proved by the comparison with experimental data available in the Literature.
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N O M E N C L A T U R E
a = major axis length of the elliptical hole b = minor axis length of the elliptical hole c = length of a crack stemming from the notch tip k = b/a, ratio between the axis length R = notch root radius s = brittleness number K I = stress intensity factor K Ic = fracture toughness K U I = apparent stress intensity factor K U Ic = apparent fracture toughness σ = tensile stress σ u = tensile strength σ y = normal stress ahead of the notch tip = finite crack advance c = critical finite crack advance
I N T R O D U C T I O N
A coupled Finite Fracture Mechanics (FFM) criterion has been recently proposed to predict the failure load of brittle V-notched structures. [1] [2] [3] The criterion is based on the hypothesis of a finite crack advance and assumes a contemporaneous fulfilment of a stress requirement and an energy balance for crack propagation. In the case of mode I loading, it reads:
Correspondence: A. Sapora. E-mail: alberto.sapora@polito.it where σ y (x) is the singular stress field ahead of the notch tip, K I (c) is the stress intensity factor related to a crack of length c stemming from the notch root, σ u and K Ic are the material tensile strength and fracture toughness, respectively. The former inequality requires that the average stress upon the crack advance is higher than the material tensile strength; the latter one ensures that the energy available for a crack increment is higher than the energy necessary to create the new fracture surface. For positive geometries, that is for geometries characterized by monotonic increasing K I (c) functions, the failure load (i.e., the lowest load satisfying Eq. (1)) is attained when the inequalities are strictly verified. In such a case Eq. (1) becomes a system of two equations in two unknowns: the critical crack advancement and the failure load. The coupled FFM criterion was introduced to remove some inconsistencies related to the approaches previously introduced, [4] [5] [6] [7] according to which either stress or energetic considerations result violated. 2 A similar approach to Eq. (1), but based on a point-wise stress requirement, was also proposed. 8 In the present work, the coupled criterion (1) is applied to estimate the failure loads of U-notched brittle structures. The analysis involves the characterization of the stress field and the stress intensity factor functions to be inserted into Eq. (1), which leads to the solution of nonlinear equations. After investigating the general case of an elliptical hole in an infinite plate under remote tension, experimental data related to bending and tensile tests on ceramic 9, 10 and PMMA 11 U-notched samples, respectively, are taken into account. Predictions by other theoretical approaches based on a critical distance [12] [13] [14] are also considered.
E L L I P T I C A L H O L E I N A P L A T E S U B J E C T E D T O T E N S I O N
Let us consider an infinite plate subjected to a tensile stress σ in the y direction. This uniaxial condition is disturbed by an elliptical hole, whose 2a-long major axis is directed along the x-axis and the 2b-long minor axis along the y-axis (Fig. 1a) . This geometry was first analyzed by Inglis in 1913. 15 Interesting revisions are available in the Literature. 16 By denoting with k the ratio between the axis lengths (k = b/a), the stress field σ y (x) ahead of the notch tip reads, in Cartesian coordinates, as:
with
The stress field described by Eq. (2) acts also on the opposite side of the elliptic hole, due to symmetry. For the sake of simplicity, the present analysis will only refer to the domain x ≥ 0. Notice that Eq. (2) could be rewritten equivalently in terms of the root radius R = b 2 /a = k 2 a and that evaluating Eq. (2) at x = 0 yields:
which represents the well-known stress concentration factor. For sufficiently slender notches (k 1), Eq. (2) can be approximated by the Creager-Paris' expression 17 :
where K I U is the apparent stress intensity factor 18 (SIF)
It is simple to show that, according to Eq. (5), the singular asymptotic stress field ahead of a crack tip is recovered for R → 0. Before proceeding, it is worthwhile to mention that also Eq. (2) could be expressed through the apparent SIF K U I [Eq. (6)], as it will be done in the next sections.
Stress intensity factor for a crack at the notch root
In order to apply the coupled FFM criterion [Eq. (1)], the SIF K I (c) related to a short crack of length c emanating from the notch tip is needed (Fig. 1b) . For many notchcrack problems, K I (c) could be generally expressed as
F being a geometric factor. 19 Different analytical expressions for F have been proposed in the Literature. 20 Lukas, 21 for instance, proposed the following one:
which provides errors within 5% provided that c/R ≤ 0.2/k. For k → 0, Eq. (9) is thus valid for any ratio c/R. Substituting, Eq. (8) into Eq. (7), with the help of Eqs. (4) and (6), yields:
Equation (9) provides coherently K I (c) = 1.12σ √ πc, that is the stress intensity factor for an edge crack in a semiinfinite plate under remote tension, as k → ∞. On the other hand, for k → 0 (i.e., the crack case), it is found that K I ≈ 1.056K I U .
Result analysis by the coupled FFM criterion
The coupled FFM criterion can be now be implemented. In critical conditions, by inserting Eqs. (2) and (9) into Eq.
(1) and integrating, it is found that:
where the two functions f (¯ c ) and g(¯ c ) are expressed by
and
The two unknowns in (10) are the dimensionless critical crack advancement¯ c = c /R and the dimensionless apparent fracture toughnessK
e., according to Eq. (6), the dimensionless failure load). System (10) could be rewritten as:
Once¯ c is known, the first equation in (14) provides the dimensionless square root of the notch-root radius
where s is the brittleness number: 22, 23 brittle structural behaviours are generally expected for low brittleness numbers. On the other hand, the dimensionless apparent fracture toughness is provided by the second equation of system (14).
In Fig. 2 the curvesK U Ic versus R for different k-ratios are reported. How it can be seen, for a fixed k, the apparent fracture toughness decreases as the radius decreases. For low k-values the hole becomes more sharp: as a consequence, as R → 0, the curve approaches the unit value, that is the apparent fracture toughness approaches the real fracture toughness of the material. The crack advance in critical conditions c , representing the second output of Eq. (14), is plotted in Fig. 3 . Differently from other approaches 6, 7, 12 , the critical crack extension results a structural parameter, depending not only on the material properties but also on the geometric dimensions, through k and the notch-root radius R.
E X P E R I M E N T A L V A L I D A T I O N
In this Section, the theoretical predictions from the FFM coupled criterion are compared with some experimental results available in the Literature. Four data sets are initially taken into account: they all refer to three or four point bending tests on single edge notched ceramic specimens.
9,10 Details of the sample geometry can be found in the quoted references, while the material properties have been reported in Table 1 . Notice that the tensile strengths related to the last three data sets are not provided in the referenced paper. 10 Consequently, they have been estimated from a best fit procedure performed to minimize the mean square error between FFM predictions and experimental data. The obtained values (Table 1) are close to those available in the Lietrature. 13, 14 Because in the tested specimens the notch-root radius is much smaller than the other geometric dimensions, the Creager-Paris expression (5) results to be sufficient to describe the stress field ahead of the notch tip (Fig. 1) . In such a case, by substituting Eqs (5) and (9) into Eq. (1), the dimensionless apparent fracture toughness becomes 
Equivalently, a similar approach to that presented in the previous section can be performed by taking into account a different f (¯ c ) function, namely:
Predictions according to Eq. (15) and experimental data have been reported in Fig. 4 , showing a general good agreement. For the sake of completeness, the results obtained by the mean stress criterion 12 have been also plotted. This criterion is based just on the former inequality in system (1), with c = (2/π)(K Ic /σ u ) 2 . In formulae, it provides:
From Fig. 4 it can be observed that the only significant difference (≈5%) between the two criteria [Eqs. (15) and (17) , respectively] is related to the behaviour near R = 0, due to the approximation introduced in Eq. (9) . 21 In order to overcome this drawback, numerical simulations to estimate the real fracture energy can be performed. 13 However, it should be added that the related solutions do no differ so much over the radius range of practical interest. The analysis performed by Gomez et al. 13 suggests that the predictions according to Eq. (15) will be very close also to those obtained through other approaches based on a critical distance. [5] [6] [7] 13 Eventually, experimental data related to tensile tests carried out by Carpinteri 11 on center-cracked specimens made of PMMA (K Ic = 1.35 MPa m 1/2 , σ u = 124 MPa) are taken into account. At least four identical samples for three different root radii were considered during the experiments. The comparison between the averaged apparent fracture toughness and the FFM theoretical estimations is presented in Fig. 5 , resulting again more than satisfactory.
C O N C L U S I O N S
In the present paper, the coupled stress and energy FFM criterion [1] [2] [3] has been applied to investigate the brittle fracture behaviour of blunt-notched structures subjected to mode I loading conditions. The predictions are in good agreement both with experimental data and with those provided by the simple average stress criterion 12 that can thus be applied to get sufficiently accurate results.
